The new topological concept of selective separability is able to give some estimates for density and π-weight of the Lebesgue space L p (βN, R, μ) with 1 ≤ p < +∞. In particular, we deduce a purely topological proof of the non-separability of such a space.
Introduction
In the context of infinite-combinatorial topology, M. Scheepers (see [14] ) has introduced and studied a particular selection principle S fin (D, D) connected with some problems of topological diagonalization of covers of a given completely regular topological space X, whose dense set family is D. Subsequently, A. Bella and coworkers (see [3] ) have extended and generalized some formal properties introduced by M. Scheepers in [14] , into a pure topological context, proposing the notion of selective separability, defined as follows. A completely regular topological space (or a T 3 1 2 -space), say (X, τ ), is said to be selectively separable (or M-separable) if, for any sequence {D n ; n ∈ N} of dense sets of X, there exists a sequence {F n ; n ∈ N} of finite subsets of X such that F n ⊆ D n for each n ∈ N and n∈N F n is dense in X.
A selectively separable space is a separable space too. In fact, if we put D n = X for any n ∈ N, then there exists a finite subset F n ⊆ X for each n ∈ N such that n∈N F n = X, with n∈N F n countable. There exist however separable spaces that are not selectively separable, as, for example, the Tychonov cube I c of weight c = 2 ℵ0 , when I = [0, 1] is equipped with the usual Euclidean topology. One of the purposes of this note is that of discussing some elementary properties of selectively separable spaces in view of their applications.
Preliminary concepts
Given an arbitrary topological space (X, τ ), we put τ 
, and A is a dense subset of X, then we have A ∩ B = ∅ for any B ∈ B. In addition, if we choose a x B ∈ A ∩ B for every B ∈ B, then the set {x B ; B ∈ B} is dense in X, so that d(X) ≤ card {x B ; B ∈ B} ≤ card B = πw(X). Therefore, we have the following relation between cardinal functions
If (X, τ ) is a Hausdorff topological space, then it is known that it has an infinite disjoint base, say B. It follows that ℵ 0 ≤ π(X), because, ifB is any π-base of X, then, by the definition of π-base, there exists a A B ∈B, for each B ∈ B, such that A B ⊆ B, for which cardB ≥ ℵ 0 being B an infinite disjoint family. Sincẽ B is an arbitrary π-base of X, it follows that πw(X) ≥ ℵ 0 . In particular, if (X, τ ) is a metrizable space, then it follows that d(X) = πw(X) = w(X) ≥ ℵ 0 (see [11] , Section 6, Remark 6.2, and [7] ). The space (X, τ ) has countable fan tightness if, for any x ∈ X and any sequence {A n ; n ∈ N} of subsets of X such that x ∈ n∈N A n , there exists a finite set B n ⊆ A n , for each n ∈ N, such that x ∈ n∈N B n . In this case, we write concisely vet (X) ≤ ℵ 0 . The space (X, τ ) has countable tightness if, for any x ∈ X and A ⊆ X with x ∈ A, there exists a countable set B ⊆ A such that x ∈ B. In this case, we write concisely t(X) ≤ ℵ 0 . We have (vet(X) ≤ ℵ 0 ) ⇒ (t(X) ≤ ℵ 0 ), but the inverse is, in general, not true.
Selective separability: basic properties
We here recall some properties of selectively separable spaces. Proof. If S is a dense subspace of a selectively separable space (X, τ ) and {D n ; n ∈ N} is a sequence of dense subsets of (S, τ S ), it follows that each D n is also dense in X (as a consequence of the density of S in X), so that, for every n ∈ N, there exists a finite set
Theorem 3.2. A topological space (X, τ ) has the property that
Proof. If πw(X) = ℵ 0 , let B = {B n ; n ∈ N} be a π-base of X. If {D n ; n ∈ N} is a sequence of dense subsets of X, then we have D n ∩ B m = ∅ for all n, m ∈ N, so that we can choose a point x n ∈ D n ∩B n for each n ∈ N. Hence, {x n ; n ∈ N} is dense in X, and thus X is selectively separable. This proves (1).
If vet (X) ≤ ℵ 0 , and X is separable, let {a n ; n ∈ N} be a countable dense subset of X, and let {D n ; n ∈ N} be a sequence of dense subsets of X. Since D k = X = {a n ; n ∈ N 0 } for each k ∈ N, we have, for each n ∈ N, a n ∈ D k for infinitely many k ∈ N, so that a n ∈ D k ∀k ∈ L n , with L n infinite subset of N. Therefore, we may always choose a disjoint family {L n ; n ∈ N} of infinite subsets of N in such a way that 1 N = n∈N L n . Hence a n ∈ k∈Ln D k for every n ∈ N, and since X has countable fan tightness, it follows that there exists a finite set F k ⊆ D k , for each k ∈ L n , such that a n ∈ k∈Ln F k , whence we have
The countability of n∈N k∈Ln F k proves the selective separability of X. This proves (2). If X is a completely regular topological space, and C p (X) is the space of continuous functions f : X → R, equipped with the pointwise topology (see [6] , Section 2.6.), then it is possible to prove the following The proof is given in [3] .
Nevertheless, the study of C(X) from this viewpoint has been only done with respect to the pointwise topology (see [2] ).
The Lebesgue space
Following [15] , Counterexamples 110 and 111, if we endow N with the discrete topology, said βN theČech-Stone compactification of the discrete space N, then βN is a compact Hausdorff space. Let us recall that 
Taking into account that βN is a Hausdorff compact space, let μ be a positive Borel measure on βN (see [13] , Chap. 3, and [9] , Chap. 10), defined over the Borel σ-algebra generated by the topology of βN, and having a countable base (see [9] , Section 37.1, and [8] , Chap. III, Section 3, Problems 418 -420). Hence, reasoning as in 1., it follows that C(βN, R) is dense in L p (βN, R, μ). 3. Let X be a compact space with a countable base (w(X) = ℵ 0 ), and let μ be a Baire measure on X. Then L p (X, R, μ) is a separable space for each 1 ≤ p < +∞. Indeed (see [12] , Chap. IV, Section 4, and Problem 43 (a)), if {B n ; n ∈ N} is a countable base of X, for all n, m ∈ N, n = m,
